Abstract: This paper deals with the modelling and control of rail vehicle semi-active suspensions. The analytical models of the quarter rail vehicle with a passenger seat, describing the vertical motion, are presented for semi-active and passive suspensions. Two controllers, i.e., PID-ZN and LQR are designed in order to improve the passenger comfort. This comfort is evaluated in terms of the passenger displacement and vibration. These comfort criteria are evaluated as a response of a rail imperfection excitation. The obtained results prove that the semi-active suspension with a LQR controller yields the best results compared to PID controller.
Introduction
Passenger comfort is one of the most important criteria used to evaluate the performance of rail vehicles. This comfort is highly affected by the vehicle speed and the rail imperfections. Improving the rail vehicle suspension is the key to avoid high perturbations, to be transmitted from the wheels to the passenger. The classical passive suspensions are able to absorb only a limited part of these perturbations dynamic behaviour of the car body comfort in a more efficient way.
Several studies have been performed on rail vehicle with passive suspensions. Sharma and Palli (2016) analysed the creep force and its sensitivity on stability and vertical-lateral ride for railway vehicle. Dynamic behaviour of a railway bogie has been studied by Palli and Koona (2015) . Nejlaoui et al. (2013) optimised the structural design of passive suspensions in order to ensure simultaneously passenger safety and comfort. Abood and Khan (2011) investigated the railway carriage simulation model to study the influence of vertical secondary suspension stiffness on ride comfort of railway car body. Zhang et al. (2013) developed a finite elements optimisation technique to find the best parameters of the passive suspension in order to improve the train riding comfort. Majka and Hartnett (2008) studied the effects of speed, load and damping on the dynamic response of railway bridges and vehicles. The objective is to reach the best compromise between the ride quality and the suspension deflections.
Other works focused on the study of semi-active suspension through the control of the damping coefficient. To reduce the effect of levitation forces induced by crosswind on the train, Yao et al. (2002) adopted the design of a semi-active suspension controlled by a PID controller. Several authors (Pratt, 2002; Vincent, 1999) proposed a linear quadratic regulator (LQR) for a semi-active road vehicle model to ensure ride comfort. In a semi-active suspension, the system can be controlled passively by varying the damping coefficient. Hence, some researchers have considered the active suspension systems where a controlled actuator is embedded in the system. Zhou et al. (2010) developed an active lateral secondary suspension of railway vehicles in order to attenuate the vehicle body lateral vibration. This active suspension is controlled by the use of skyhook dampers. To decrease the effect of road vibration problems, Eski and Yıldırım (2009) controlled the vibration of the vehicle suspension by using a PID controller. The major limitation of active suspensions is their associated cost and power requirements.
Despite the PID regulators gains identification complexity, for complex system, it has the advantage of being easy to implement in common industrial processes. The main advantages of the LQR regulator are good set-point tracking performance and its relative design simplicity (Saha et al., 2002; Gao and Yang, 2006) . In this work, the modelling and control of a rail vehicle suspension is presented. A comparison of the railway passenger comfort as a function of the suspension types and the control strategies is performed. The main contribution of the paper is that this approach is applied in order to improve the passenger comfort in RV, which is indeed an important engineering problem.
In this paper, the modelling and control of a RV suspension is presented. A synthesis of a RV suspension types and controllers are developed. In Section 2, the vertical dynamic modelling of the different suspension types is presented. In Section 3, different types of controllers are presented, designed and used. The results discussion and the railway passenger comfort improvements are presented in Section 4. Finally, concluding remarks are given in Section 5.
Dynamic modelling of a rail vehicle
It is common to consider only the quarter of the rail vehicle model for the vertical dynamics studies of the RV system (Vincent, 1999) . The objective is to have a relatively simple and accurate model useful for the study of the dynamic behaviour and the optimisation of the rail vehicle structural parameters. Figure 1 illustrates the quarter rail vehicle model with a passenger seat in the case of passive suspension system.
Dynamic modelling of quarter rail vehicle with a passive suspension system
The quarter model is made of a wheel, 1/2 bogie, 1/4 carbody and a passenger seat. The connection between these rigid bodies is represented by three suspensions. The passive suspension is made only of a spring and a damper in parallel (Figure 1 ). Based on the Lagrange formulation, the quarter vehicle vertical motion is given by the following equations: 
The state space formulation using the following vector:
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Can be written as: 
These equations can be written in a matrix form as follows: Figure 2 shows the quarter rail vehicle model with a semi-active suspension system. In this case a dissipative magneto-rheological actuator damping (MR) is used. This actuator has been analysed in an experimental test rig by means of semi-active control by Gao and Yang (2006) . It was concluded that the MR actuator could generate damping forces in a very broad range under the influence of a magnetic field. This cylindrical damper is divided into two chambers by a movable piston. The damping coefficient varied with time according to the following equation:
Dynamic modelling of quarter rail vehicle with a semi-active suspension system
where c 2 is a constant damping coefficient witch assured the reliability of the system damping in the case of damper failure.
2 ( ) c t ′ is the variable damping coefficient generate with the actuator to dissipative the unwanted vibration.
The goal is to reduce the effect of the rail excitation on the passenger comfort by varying the damping force. 
LQR controller
In the case of a semi-active suspension, the quarter rail vehicle vertical equations of motion are given by: 
By adopting the variable change given by (2), we can write the previous set of equation as follows: 
The governing equations of motion can be expressed in a matrix form as: 
Control strategies and design
In this section, the design of the two controllers PID and LQR used for improving the ride passenger comfort is presented. The different controller gains will be determined according to the rail vehicle dynamics.
The PID controller
The PID controller block diagram is given in Figure 3 . The objective of the PID is to minimise an error e(t) through the control of the active suspension. The output of the PID controller is given by:
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where K p , K i and K d are proportional, integral and derivative gains, respectively. f a (t) is the control force. We will substitute the PID controller and the open loop return with a level step. To find the values of the PID gains, we have used the step response Ziegler-Nichols method (Saha et al., 2002; Das et al., 2013) .
The LQR controller
The LQR method can be used to control semi-active suspension of quarter rail vehicle (Figure 4) . The different gain matrix will be identified according to the dynamics of the rail vehicle. The semi-active force can be expressed as:
L is the gains matrices of a feedback state.
By introducing the control forces from (11), the equations of motion can be written as follows:
The gains matrices L and K are given by: ( )
4 Results discussion and comfort improvement
Rail vehicle design parameters
The used design parameters of a quarter rail vehicle are presented in Table 1 . The wheel rail contact is assumed rigid. The considered excitation is a rail longitudinal levelling default, which can be modulated as:
V is the vehicle speed; D and H are presented in Figure 5 . 
The dynamic rail vehicle model validation
To solve the obtained differential equations, describing the rail vehicle dynamic model, we have used the Runge-Kutta method (Harak et al., 2015) . The dynamic model of the rail vehicle is solved using MATLAB and validated by ADAMS. Figure 6 shows the evolution of the passenger centre of mass where the input of the system w is a step function which is more severe than the levelling default. 
Identification of the controller's gain
The PID gains can be obtained by using the Ziegler-Nichols method. Table 2 presents these gains. Table 2 PID gains
The LQR controller gains L and K are determined by the weighting and constant matrices. The matrices R and Q are determined by minimising the consumed energy according to Bryson's rule (Sanchez-Pena and Sznaier, 1998). The weighting matrices are given as follows. The matrix R will be an identity matrix.
( ) 1  2  3  4  5  6 , , , , , Diag= Q
( 1 8 ) By using equation (15), the controller LQR gains L is as follow: [45,930; 104,150; 720,300; 619,760; 692,090; 1,500 
Evaluation of controller
In this work, three criteria are used for the controller evaluation: the vertical passenger displacement characterised by its rise time, overshoot, setting time. Figure 7 presents the vertical passenger displacement. To build a comparison between these results, we have used as a reference the passive model response. Hence, the improvement is given by:
Passenger displacement characteristics
where A displacement overshoot obtained using a passive suspension.
B displacement overshoot obtained in the case of semi-active suspension.
From Table 3 , one can note that in general the semi-active suspension has less settling time and less overshoot compared to the passive one. Indeed, the semi-active suspension with LQR controller has the best result in terms of settling time. Moreover, the LQR controller for the semi-active suspension improves the overshoot displacement by more than 70%. However, the PID-ZN improves the rise time compared to the LQR controller in the case of semi-active suspension. Moreover, the minimum of rise time is obtained in the passive suspension.
Passenger comfort in terms of vibration and frequency
For the ride comfort, handling and stability, vertical body acceleration is one of the most important factors. The used index is described in the international standard ISO 2631-1 (ISO 2631 (ISO , 2001 ). This norm uses the root mean square (RMS) value of the acceleration signal. The RMS value of acceleration is presented as follows:
where a rms is RMS value of the acceleration a(t). Figure 8 shows the evolution of vertical passenger acceleration in passive and semi-active active suspensions with different controller's types.
From Table 6 , one can note that the semi-active suspension present a lower RMS acceleration than the passive one. The passenger comfort level is improved by about 80% in the case of semi-active PID-ZN controller. Moreover, if we control a semi-active suspension by a LQR controller, we can improve very significantly the passenger comfort. In this case, the comfort improvement is about 89% compared to the passive one. For this length of rail longitudinal levelling default (D = 0.8 m), the suspension system uncontrolled and controlled provides the passenger with a comfort level, respectively, less comfortable and very comfortable (Table 5) 
Conclusions
In this work, we have presented the modelling and the control of different types of rail vehicle suspensions, using a quarter model. The analytical models of the quarter rail vehicle with a passenger seat, describing the vertical motion, are developed for the semi-active and passive suspensions. Two controllers, PID-ZN and LQR, are designed in order to improve the passenger comfort. The passenger comfort is evaluated in terms of the displacement and acceleration induced by a rail defect excitation, in time domain. The obtained results showed that, in the semi-active suspension, the LQR controller improves only the settling time and the overshoot compared to the passive. However, the LQR controller yields the best results compared to PID-ZN controller.
